The group theoretical approach to the relativistic wave equations in the de Sitter and Anti-de Sitter spaces for spin 0 and 1/2 massive particles is considered. The invariant wave equations which determines the appropriate irreducible representations are constructed. The explicit solutions of these equations possessing a simplicity and physical transparency are obtained without use of the separation of variables method. The connection with the general-covariant approach to wave equations in a curved space is established. It is shown that the Anti-de Sitter space is the solution of the Einstein-Dirac equations. The geometrical meaning of the mass quantization in the Anti-de Sitter space and of the particle creation in de Sitter space is shown.
Introduction
In [1] the basic principles of the group theoretical approach to the relativistic wave equations on curved spaces are examined, and the admissible real spaces are found. These spaces breaks up onto the two types: reducible and irreducible spaces. In the present work the wave equations in the real irreducible spaces are considered. Thus the advantage of the group theoretical approach is demonstrated because the group theoretical description in spaces having the symmetry group is most natural and allows to obtain new results as compared with the general-covariant approach, which, in turn, is applicable to all the curved spaces. Thus, the same object (wave equations for elementary particles) can be described by two formal independent approaches; the comparison of results, obtained with their help, is also of interest.
The purpose of the present paper is the consistent examination of the wave equations on the de Sitter (dS) and Anti-de Sitter (AdS) spaces from the point of view of the general method expounded in [1] , and the examination of some applications of the obtained wave equations. The results of preceding works on this subject (see [2, 3, 4, 5] and references therein) are revised and essentially corrected; a lot of new results is also obtained.
The present work is composed as follows. In Sect.2 the description of the space dS and its symmetry group and the general classification of the de Sitter group representations are presented. Sect.3 is devoted to the group theoretical wave equations for spinless particles in the dS space. It is shown that these equations are the general-covariant and the obtained field is the conformally coupled. In Sect.4 the group theoretical wave equations for spin 1/2 particles in the dS space are obtained. Either five-dimensional or four-dimensional forms are considered. With the help of the direct calculation of the Casimir operators it is shown that they determine the representation of the dS group that is need. In Sect.5 the explicit solutions of the wave equations in dS space are obtained; their detailed five-dimensional and four-dimensional analyses are carried out. The fact of the spin-free particle creation in Robertson-Walker spaces and, in particular, in the de Sitter space (see [10] and references therein) is well known. In Sect.5 the simple heuristic conclusion of this result not only for spin-free particles, but also for spin 1/2 particles is given. In Sect.6 the passage to the AdS space is performed. With the help of simple geometric reasons and using the solutions of the group theoretical Dirac equation the spectrum of the Dirac operator (which gives us the possible values of the mass for spin 1/2 particles) in the AdS space is obtained. It looks discrete and coincides with the spectrum of the Dirac operator on spheres and pseudospheres obtained in [8] by general examination. Sect.7 is devoted to the comparison of group theoretical wave equations for spin 1/2 particles in the AdS space with the analogous general-covariant equations; the transformation which connects them is found. With the help of these transformation the new solution of the Einstein-Dirac equations, which is the AdS space, is obtained. In this case the Dirac field of a very simple form gives the cosmological constant. Usually one can obtain the solutions of Einstein-Dirac equations as follows (see, for example, [15] and references therein). The metric and the spinor field possessing some (not too high) symmetry which allows one to lower a number of unknown functions are written down in a general form. Thus, the Einstein-Dirac equations are reduced to the set of partial differential equations for functions remaining unknown. Then, this system is integrated. In the group theoretical approach the found solution is almost obvious.
The next paper will be devoted to the examination of wave equations in the real reducible spaces.
2 De Sitter space and its symmetry group 
Expressing x 5 from (2.1), we obtain the metric
2)
Its symmetry group is, obviously, SO(4, 1) with ten generators
With R → ∞ these commutation relations passes onto the commutation relations for the Poincaré group. The generators P µ correspond to the translations. The group dS has two independent Casimir operators:
is an analog of the Pauli-Lubanski's pseudovector in the Poincaré group. There are two series of the dS group representations [6, 7] :
. . , 1 and 1/2. The values of Casimir operators in this series are those:
With R → ∞ this series of representations passes in representations P (m,s) of the Poincaré group [7] .
3 The spinless particles and Klein-Gordon equation
The generators of five-dimensional rotations are
Here the fifth coordinate is not independent: x 5 = Rχ. So, ∂ 5 = 0 and we finally obtain generators of the scalar representation:
which are the generators of translations and Lorentz transformations. They composed the representation ν m,0 since
Since (−g) 1/2 = 1/χ, for the second-order Casimir operator we obtain from (2.7) and (3.2)
Using (2.12) the Klein-Gordon equation
is obtained finally. The scalar field which obeys the equation
where R is the scalar curvature of space, called the conformally coupled. The group theoretical description leads us just to the such a field since in the space dS R = 12/R 2 .
4
Then the generators
obeys the commutation relations (2.4) and (2.5). By introducing the matrixes
one can write down (4.1) and (4.2) in the five-dimensional form:
3)
The equalitiesγ AγB +γ BγA = 2η Making the comparison of the above expressions with (2.10)-(2.11) we obtain that it is the representation π 3/2,3/2 . The orbital part of the generators gives us the representation ν m,0 . Therefore, further we shall deal with the representation π 3/2,3/2 ⊗ ν m,0 . Thus for its secondorder Casimir operators we have
AB . 10) we obtain that
For the evaluation of the fourth-order Casimir operator using (3.3),(4.8) and (2.9) one can obtain
For the squaring of W A it is necessary to use the formulas (4.4)-(4.6). The obtained result
is consistent with (2.13) and (4.11) if s = 1/2. It is obvious that the operators A and 2 should have fixed values in the irreducible representation. Using (4.4)-(4.6) and (4.10) it follows that
Then using Eqs. (2.12),(4.11) and (4.12) we obtain the quadratic equation for the eigenvalue of A. By solving this we have
where
So in the group theoretical approach the squared Dirac operator reduces to the d'Alembertian.
As it should be m 2 > −1/4R 2 , then µ is the real number. The appearance of two signs means that two identical irreducible representations are obtained:
Expressions (3.2) and (4.10) yields
Choosing the representation corresponds to the lower sign in (4.13) we obtain
It is the genuine group theoretical Dirac equation in the dS space.
Explicit solutions of wave equations and the mass quantization
Let us consider the explicit solutions of the wave equations in the dS space. The simplest dS-invariant function is
where k A is a constant 5-vector. So if L AB is the dS transformation:
then (5.1) remains invariant. The function (5.1) should be an eigenvector of the second-order Casimir operator. It is convenient to take this operator in the five-dimensional form using (2.7) and (3.1):
Then we obtain the following equation for f
Let us suppose that k A k A = 0; then from (5.2) and (2.12) it follows that
We shall search the wave functions for spin 1/2 particles in the form
where u(k) is a constant spinor depending only from k A . Then using (3.1),(4.3), (4.4)-(4.6) and (4.10) we obtain that the condition
should be satisfied. This results to k A k A = 0 as before. Using dS-invariance we can choose k as k A = (k µ , 1), where k µ k µ = 1. Then
and the condition (5.5) passes into
If we assume that k 0 > 0 then the obtained solutions will describe particles, and spinor u(k)
antiparticles:
for the spin zero particles and particles:
for the case of spin 1/2. With R → ∞ these solutions pass into the usual plane waves in the Minkowski space and m · k µ has the meaning of the wave vector. These solutions are much simpler than those ones obtained by separation of variables in the general-covariant Dirac equation [9, 13] . The functions (5.6) are well-known [11] . The functions (5.6)-(5.7) have the branching points. With the round about these points both of the functions take the factor e −2πµR . As it is wellknown on examples of Hawking and Rindler effects, the appearance of the branching points at the wave functions with the branching factor e −µ/T (where µ is the mass of particle) has the meaning of the particle creation. In this case we have the Planck spectrum at the temperature T equal to
.
The difference of our case from the mentioned above is that the location of the branching points depend on the wave vector k. Therefore our derivation of the creation of spin 0 and 1/2 particle in dS space is only heuristic. Our result coincides with the results of more correct derivations [10, 11] for spin zero particles.
6 Anti-De Sitter space.
The Anti-de Sitter space (AdS) differs of the dS space by the value of η 55 = 1. Therefore, the symmetry group of AdS space is SO (3, 2) . In all formulas this distinction arises only in the replacement R by iR. Let us write down the basic formulas:
particles, spin 0:
antiparticles, spin 0:
particles, spin 1/2:
antiparticles, spin 1/2:
An advantage of the five-dimensional form of the explicit solutions as compared with the fourdimensional form is that the first one gives us an information about the global properties of solutions, whereas the second one covers only one the half of space. One of such global properties is the quantization of mass established from other reasons in [8] .
Let us consider the mode with k µ 0 = (1, 0); because of the Lorentz-invariance our examination will be correct for all other modes too. Now consider the "translation" along x 0 which is the rotation on the angle ϕ in the Euclidean plane (x 5 , x 0 ):
Then (6.4)-(6.7) yields s = 0 :
Under this transformations with ϕ = 2π the functional part of ψ should come back to the initial value. Thus taking into account the restrictions for m which are analogous to the ones stated in Sect.2 we obtain the possible mass spectrum
where n = 1, 2, . . .
7 General-covariant description in the Anti-de Sitter space and energy-momentum tensor
The equation (6.2) admits reduction to the general-covariant form. For its performing let us make the transformation Ψ = V ψ,
It is easy to show that
where e
ν is an orthonormal vierbein: 5) and D µ is the spinor covariant derivative:
ν .
With the choice of vierbein according to (7.5) the Ricci rotation coefficients are equal to
Thus we finally obtain the general-covariant Dirac equation
The conserving energy-momentum tensor in the general-covariant description is [12] 
µ + (µ ↔ ν).
Using (7.3) and (7.4) one can transform the above expression to the group theoretical wave functions: 6) where Γ µ = g µν Γ ν . From (6.2) it follows that ψ = const obey Eq. (4.14) if µ = 2/R. Thus the energy-momentum tensor looks like
From here follows that the AdS space and these fermion field are consistent. The Einstein equations gives that R = −8πGT,
where R is the scalar curvature of the space and T is the trace of the energy-momentum tensor.
In our case R = −12/R 2 and we finally obtain R = 3 4πG ψψ for the radius of the AdS space. The obtained exact solution of the Einstein-Dirac equations is similar to the solution obtained by the method of variables separation in [14] which corresponds to the rest particle in the Lemaitré coordinates over the dS space. Concerning the solutions of the Einstein-Dirac equations see also [15] . I am grateful to Yu.P.Stepanovsky for the constant and versatile support during the work.
